SEMICONTINUITY OF INTEGRALS(?)

BY
A. W. J. STODDART

1. Introduction. Semicontinuity plays a key part in the direct method of the
calculus of variations for the existence of a minimum for an integral: a lower
semicontinuous functional on a compact space has a minimum. Here we study
sufficient conditions for semicontinuity of integrals of a very general form

™ ) f £ (o), a(w)d,

where A is a space of any dimension, u a general measure function on a o-algebra
of subsets of A, where p(w): A— E, o(w): A— F are any two maps, and f any
scalar function defined on E X F. The semicontinuity is with respect to an ap-
propriate convergence on (p,d,u).

The second map o: 4 — F may be interpreted as a very general substitute for
the usual normal vector. Both parametric and nonparametric integrals can be
interpreted as particular cases of (*).

A general theorem of this nature was proposed to the writer by Professor
L. Cesari. He suggested it as a natural development of his treatment of integrals
over a general variety [3], [4], abstracting and unifying the work of Weierstrass,
Tonelli, and others on curve integrals, and of Cesari himself on surface integrals.
In particular, Cesari has shown [4] that integrals of this nature can be expressed
quite generally as measure integrals with which we are concerned in this paper.

The actual form of our general semicontinuity theorem was influenced parti-
cularly by the special cases treated in [5], [6], [9], [10], and [12]. In later sections,
we apply our general theorem to special cases: parametric curve integrals [8], [10],
parametric curve integrals involving higher derivatives [5], [6], parametric surface
integrals [1], [12], nonparametric curve integrals [8], [9], [10], and nonpara-
metric integrals [8]. In each case, we verify general conditions assumed in our
semicontinuity theorem to obtain semicontinuity theorems in the corresponding
section of the calculus of variations. Known semicontinuity theorems of Tonelli,
Cesari, Cinquini, and Turner, each involving a particular topology, are so obtained
as particular cases of only one general statement concerning integral (*).
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Quite generally, we consider a set Q, and a class T of triplets T=(p,0,uw),
where, in each T,

(1) uis a measure on a subset 4 of Q;

(2) o is a p-integrable mapping from A to E,,; and

(3) pis a y-measurable mapping from A4 to E,.
Denote the class of u-measurable sets in 4 by B.

Let f(r,s) be a real function on D = U(p %X 6)(A4) in E, X E,,, such that

4) f(r,s) 20, and

(5) for each T=(p,0,u) € T, f(p(w),a(w)) has an integral

I(T) = (4) f Fow), a(md,

finite or + 0. In particular, under conditions (2), (3), and (4), condition (5)is
satisfied if f is continuous.

We shall denote the inner product of two vectors x,x’ by x - x’, and the length
of a vector x by |x|.

2. The semicontinuity theorem. For a particular triplet T= (p,0,u), consider
the following conditions.

(6) The measure u is finite.
At p-almost every ve A4,

(7) for any & > 0, there exist d(e,v) > 0, f(e,v) € E4, and b(e,v) € E,, such that,
for |r — p(v)| < (e, v),

@ f(r,)2p+b-s,

(®) f(r,s) S B+ b s+efor |s—o(v)| < (e,v).
There exists a topology G on A such that G = B and u is regular with respect to
G in the sense that

(8) for any set Be B and any & > 0, there exists a G-closed set F < B such that
u(B—F)<eg; and

(9) for any &> 0, there exists a G-compact set K = 4 such that KeB and
u(4 — K) < &. From now on, all topological references on A will be to this topology
G.

THEOREM 1. Let T be a triplet satisfying conditions (6), (7), (8), and (9).
Consider any sequence of triplets T"=(p",0",u"), such that, as n — o,

(10) (a) sup{|p"(w) — p(w)|: w e A" N K} — 0 for each compact set K = A; and

(b) inf{|w"(M) — u(B)| + |[(M) [o"dy” —(B) fodu] - b|: MeB", M = B} -0
for each BeB and each beE,.

Then I(T") is lower semicontinuous at T, that is, I(T) < lim inf I(T").

Proof for I(T) < co. Consider any ¢>0. By absolute continuity of the
finite integral, there exists y = y(¢) >0, such that (E) [f(p(w),6(w))du <e for
every u-measurable set E< A with u(E) <7y.

Under conditions (2), (3), (6), and (8), we can apply Lusin’s theorem to the set
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{v:vasin condition (7)} to obtain a set K with u(4 — K) <7, p and ¢ continuous
on K, and condition (7) holding for every v € K. By conditions (8) and (9), we can
take K compact.

By continuity of p and ¢ on K, for each v € K, there exists an open neighbourhood
H(v) of v such that, for we H(v) N K, | p(w) — p(v)| < 6(¢,v) /2 and |o(w)—o(v) |
< 0(g,v).

The collection {H(v): ve K} covers K, which is compact. Hence we can take a
finite subcover H(v;): i = 1,2,--- h. We shall write H(v;,) as H;, 6(¢,v;) as ;, B(e,v)
as f§;, and b(e,v;) as b,.

Put B;=(H; — U j<iH;) N K. The sets B; are disjoint and K = UBi. Also
B, H;NK, so if weB;, then |p(w) — p(v)| <6;/2 and |o(w) — o(v)| < d;;
hence, by condition (7b), f(p(w),s(w)) £ B; + b; - 6(w) + ¢. Consequently

17y < (Us) f S o(w))du+ ¢

A

IIA

)2 (B.-)f(ﬁ,-+bi-a(w)+e)dﬂ+a

IIA

E puB) + T b (B[ otwdu-+outd) +e.
By condition (10), there exists an integer N(g) such that, for n > N(e),
sup{|p"(w) — p(W)|: we A"NK} <min{6;/2:i=1,2,-+h},
and, for each i=1,2,---h,
in {1000 = B |+ |[ O [ 0"~ B) [ odus | - b,|: e B M < B

< min {&/h|B;|, ¢/h}.
We can take M, < B;, M;eB", such that

|ﬂ"(Mi) - #(Bi)l < G/hlﬁil,
and

l[(Mi) fa"du” —(Bi)f adu] - b, ' <efh.

If we M;, then we A" N K; hence |p"(w) — p(w)| < &;/2, | p"(W) — p(v)] < &
and thus, by condition (7a), f(p"(w), 6"(w)) = B; + b; + " (w). Consequently

1™z (Ump f "), W)
> T (M) f (B, + by - (W)

> X Bu(B) — X|Bi|e/h|Bi| + Xbi-(B) fa‘(w)dy— Y elh
> I(T) — eu(A) — 3e.
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Thus I(T") is lower semicontinuous at 7.
We require a substitute for absolute continuity of [f(p(w),6(w))dy when
I(T) = .

LEMMA. Suppose that g is a nonnegative, u-measurable function on A, with
(A) fg(w)du= co. Then, for any real number k, there exists y = y(k) > O such
that (E) [g(w)du > k for all p-measurable sets E with u(A — E) <.

Proof of Lemma. Define g,(w)=min{r,g(w)}. Then g(w) T g(w) and
(4) [ g (w)ydp— o as r— oo; thus (A) [g(w)du> 2k for r greater than some
R(k). Then (E) [gdp 2 (E) [g,dn=(A) [g.du— (A —E) [g,du>2k—ru(4 —E)
for r > R(k). Thus we have the required result for u(4 — E) < k/(R(k) + 1).

Proof of Theorem 1 for I(T) = co. By the lemma, for any k, there exists y > 0
such that (E) [f(p(w),e(w))du > 2k for u(4A — E) <y.

As in the case I(T) < oo, apply Lusin’s theorem to get K. Then get H(v), H;,
d;, B, b;, and B; as in the case I(T) < o0, but with ¢ = k /(2 + u(A4)). Then

2k < (UB) f Fo(w),o(w)) du
T Bu(B)+ X by (B) f o(w)dp + ep(4).

IIA

Consider T" as in the case I(T) < oo, but with ¢ = k/(2 + u(A)). Then
I(T") > 2k — gu(A) — 2e = k.

REMARK. For A4 and pu fixed in T, the convergence condition (10b) is satisfied
by weak convergence of ¢” to ¢ in L,(4,x) (and so also by weak convergence in
L(A,w, p>1).

3. The convergence condition (10b). In condition (10b), the regularity of u
allows us to replace B by F, the class of closed sets. Under suitable extra conditions,
we can replace B by C, any subclass of B.

THEOREM 2. Suppose that, as n— o,

(10b") inf {| "(M) — u(C)| + |[(M) [o"dy" — (C) fodu] - b|: MeB", M < C}
— 0 for each CeC and each beE,. In addition to the assumptions other than
(10b) in Theorem 1, let us assume the following.

(11) The mapping p is continuous on A.

(12) For any ¢ >0 and any G €G, there exists C e C with its closure C°< G,C°
compact, and (G — C) <e.

Then I(T") is lower semicontinuous at T.

Proof. We proceed at first as in Theorem 1, except that, in the construction of
K, we use y/2 instead of y. Also, since p is continuous on A4,|p(w) — p(v)|
< 6(e,v) /2 for we H(v), not just H(v) N K. Having reached the construction of
H,6,p;, and b, we put a« =max {|B;|, | b;]:i=1,2,---h}.
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For any ¢’ > 0, we have, by absolute continuity of the integral, (E) [ | o | du<ég'
for p(E) less than some A(e’) > 0. By the regularity condition (8), we can take
GeG with K< G and (G — K) < min {A(¢/a),e/0,7}. Put G;=G NH; Use
condition (12) to take C, € C with compact closure C] < G, and (G, —C,)< y/2h.
Then G, — C{ € G. Inductively, take C; € C with compact closure C{ = G;—\_J,;<; Cj

and
w(ai- U c5-c) <pin
j<i

for i =2,3,:-- h. The sets C; are disjoint and contained in G, while C; = H;. Note
that they are not the same as B; in Theorem 1; in particular, C; e C and C; need not
be contained in K.

Then
wA-Uc) < uK)+y/2- X w(C)
< w(UG) - Zuc)+y/2
= Z#(Gi_ U G;)— T uC)+y/2
i<i
s Zu(a- U ci-c)+vi2
ji<i
< 7.
Also
|2 [Gt b ou| 5 (€= K) [att +] ol
< a(G—K)f(l+|a|)d;¢
< 2e.
Hence

1M < UC) [foo)du+e
< Uenb | fo.ou+2
s E(C;nK)f(ﬁ,+bi°a+s)du+2s
< Z‘(c,)f B+ b, * O)du— 3(C, — K) f (B + b, + 0)d + eu(A) + 2¢

< X Bu(C) + X b, - (C) f ody + eu(A) + 4e.

By conditions (10a) and (10b°), there exists an integer N(&) such that, forn > N(e)
and each i=1,2,---h,
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sup {|p"(W) — p(W)|: we A" N C{} < §;/2,
and

inf {Iu"(M) — ()| + | [(M)fa"du" —(C) fady} bil :MeB"Mc C,’

<min{e/h|B;|,&/h}.

We now proceed as in Theorem 1, noting that in using inequality (7a), it does
not matter that C; is not contained in K, because of condition (11).

Note that the requirement that C° should be compact can be omitted from
condition (12) if condition (10a) is strengthened to

sup{|p"(w) — p(w)|: we A" N A} - 0.

4. The convexity condition (7). Condition (7) could be termed ‘‘convexity of
f(r,s) in s uniformly in some neighborhood of p(v)*’ in view of the following result.

. THEOREM 3. Let f(s) be a real function on a convex set S< E,,. Then f is
continuous and convex if and only if, for any so€ S and any & > 0, there exist
6>0, BeE,;, and beE, such that

@) f(s)=p+b-sforallses,and

() f(s)S B+ Db s+efor|s—so| <8, 5€S.

Proof. Continuity follows immediately from these inequalities. If f is not
convex, then, for some s, 54, s, €S and some «, 0 < a< 1, we have

so=uas; + (L —a)sy,  f(s0) > af(sy) + (1 — )f(s,).

Take 2&=f(s¢) — af(sy) — (1 — a)f(s;). Condition (a) gives f(s;) =+ b - sy,
f(s))Z P+ b5, so f(sg) > P+ b-sy+ e contradicting condition (b).
Conversely, if f is convex, then the set

{(5,9):y 2f(5), se S}

in E,,,, is convex. By continuity of f, (se,f(so) — %¢) is at positive distance from
that set. Thus there exists a separating plane; that is, there exist e E,, b€ E,,, and
ye E; such that

(b,7) - (5, ) +B<0 for y=f(s),seS,
and

(6,7) - (50,f(s0) — 3&) + > 0.

If y = 0, the inequalities would be contradictory for s = s, y = f(so). Thus y< 0,
and we can take y = — 1. Then

b-s—f(s)+ <0 forallses,
and

b'sO—f(So)+%8+ﬁ>O.’
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Condition (b) follows by continuity.

COROLLARY. If f(rq,s) is convex and continuous in s, and f(r,s) on D is contin-
uous in r at ro uniformly in s, then condition (7) is satisfied at (rq,so)€D.

Proof. For any ¢ > 0, Theorem 3 gives 6 > 0, 8, b such that f(r¢,s) =+ b - s
for all s, and, for |s —so| <9, f(ro,s). S B+ b s+¢/3. Also, |f(r,s) — f(ro,9)|
<e¢/3 for |r—ry| <4’ independent of s. Hence, for |r—ry| <min{4,5'},

fr,s)=zp+b-s—¢e/3=p"+b-s
where ' = B — ¢/3; and for |s — 50| <min{8,6'} in addition,
f(r,9)<B+b-s+2/3=B+b-s+e.

Thus we have the required result.

In particular, the continuity conditions here are satisfied if, for some A > 0,
f(r,s) is continuous on some compact set containing D N{(r,s): |r —ro| < A}.
However, in many important cases, D need not be bounded. The example

f(r,s) = rson E; XE, with ry =0
(orf(r,s) = (rs +1)* if f(r,s) = 0 is required)

shows that convexity and continuity in such circumstances is not sufficient for
condition (7). In these cases, the following theorem of Turner [10], involving a
strengthened convexity condition, is of use:

Let R be a closed set in E, and S a closed convex set in E,, such that R XS
contains D. Suppose that f(r,s) is a continuous function on R X S, such that,
as a function of s, f(r,s) is convex and its graph contains no whole straight lines.
Then f satisfies condition (7).

However, if (4") f|o"|du" is bounded, then condition (7) in Theorem 1 can be
replaced by the condition that f(r,s) is convex in s and continuous.

THEOREM 4. Suppose that (A") [|6"|dp" is bounded. Let the conditions of
Theorem 1 hold, except that (7) is replaced by

(7') f(r,s) is convex in s and continuous on a set R X S as above.
Then I(T") is lower semicontinuous at T.

Proof. Let M be an upper bound for (4") [|¢"|du". For any ¢>0, put
J(r,s) =f(r,s) + ¢|s|/2M. Then f, satisfies Turner’s strengthened convexity
condition. Consequently (4") [f(p",6")dy" is lower semicontinuous at T. Thus

I(T") + ¢(A") [ | 6| du"2M > I(T) + &(A) f |o|du/2M —¢/2

for all n sufficiently large. This gives I(T") > I(T) — e.
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5. The homogeneous case. Suppose that f(r,s) is positively homogeneous of
degree one in s. Then condition (7a) gives

tf(r,s)=p+th-s

for all t>0. Hence 0= f and f(r,s)=b-s. With $ <0, f(r,s)<b-s+¢ in
(7b). Thus 8 can be taken zero in (7).

Now the term | (M) — u(B)| in condition (10b) is used in Theorem 1 only in
relation to the f terms. Consequently, if f(r,s) is positively homogeneous of
degree one in s, then condition (10b) in Theorem 1 can be weakened by omitting
the term | p" (M) — u(B)|.

6. The condition (4) f(r,s)=0. In certain cases, condition (4) can be
weakened. Suppose that f(r,s) = — m for some fixed positive number m. Then
Sfu(r,8) =f(r,s) + m satisfies condition (4). The other conditions on f in Theorem 1
carry over to f,,. Thus (4" [ f,(p", 6")du"=I1(T")+ my"(A")is lower semicontinuous
at T. Consequently, if, in addition, u"(A4") is upper semicontinuous at 7T, then
I(T") is lower semicontinuous at 7.

This is only one of several possible relaxations of condition (4) in Theorem 1.
More generally, suppose that

f(r,) 2 — g(r,s)

where f and g satisfy the conditions on f in Theorem 1 other than condition (4),
and (4") [g(p",6")dy" is upper semicontinuous at T. Then f + g satisfies all the
conditions of Theorem 1. Consequently, (4") [(f+ g)dy", and so (4") {fay",
are lower semicontinuous at T.

Two further useful choices for g are asfollows.

(i) g =m, + my|s|*® with my, m, positive constants, a=1, and u"(4"),
(4" [|¢"|%dy" continuous at T.

(i) g=p+q - s with p,q constant, and u"(4"), (A") [o"du" continuous at T.

7. Upper semicontinuity and continuity. A functional I(T") is upper semi-
continuous at T if and only if — I(T") is lower semicontinuous at T. Hence con-
ditions sufficient for upper semicontinuity can be obtained from Theorem 1 by
reversing the inequalities in conditions (4) and (7); thus, in an appropriate sense, f
would be assumed concave in s.

Continuity is equivalent to lower semicontinuity and upper semicontinuity
combined. Consequently, we can obtain sufficient conditions for continuity from
Theorem 1 by adding conditions (4) and (7) with reversed inequalities. Thus f
would be assumed linear in s. But in order that conditions (4) and (4) reversed
should not make ftrivial, we must use some relaxation of condition (4), as discussed
in §6.

Thus, in Theorem 1, if condition (7) is strengthened to
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(7*) f(r,s) is linear in s and continuous, and condition (4) is replaced by any
one of the following (i), (ii), or (iii), then I is continuous at T:

(i) fis bounded with p(4") continuous at T’;

(i) |f(r,5)| £ my+ my|s|* with « 21 and u'(4"), (4") [|6"|’du" continuous
at T;

(i) p+q-s<f(r,s)Sp +4q s with (4", (4") { 6"du" continuous at T.

8. Parametric curve integrals. Let the sets A be the same finite closed interval
{w:a=<w< b} in E;, with G the Euclidean topology. Consider any class of
continuous mappings p: A — E, of bounded variation, that is, continuous curves of
finite length in E,. Each measure u (arc length on the curve) and a corresponding
signed measure v are constructed by the process described in [4] from the interval
function

¢[u,v] = p(v) — p(u).

Let 6 = dv/dp; then o is p-integrable and [odp = v. The triplets T = (p, 0, u) are
now determined by the curves p.

Since each mapping p is of bounded variation, u(4) is finite. Each measure u
is G-regular by the general theory of [4]. Condition (9) is trivial here. Condition
(12) with C =G follows from (H,) of [4].

The function f(r,s) will be assumed to be positively homogeneous of degree
one in s, so we shall consider the appropriate weakening of condition (10b) in §5.
We shall prove that uniform convergence in p is sufficient for that condition in
Theorem 2 with C =G.

THEOREM 5. For each GeG, if sup {|p"(w) — p(W)|:we A} — O, then
inf {| v (M) —(G)|: MeB", M = G} - 0.

Proof. In the setting of [4], we have
Y ¢(I)>v(G) as &(Dg)—0

IeDG

I'+:(1i),(3iv)]. Hence, for any >0, |v(G)— Z¢(I)| < & for some finite number
(m,say) of nonoverlapping intervals I = G. Here ¢[u,v] = p(v) — p(u) = w(u,v).
Consider n such that sup {|p"(w) — p(w)|: we 4} < &/m.Then |V'(I°) — ¢(I)|
<2¢/m. Hence [v({UI% —(G)| < 3e.

We can now deduce immediately from Theorem 2 the Tonelli-Turner theorem:

Let f(r,s) be nonnegative, positively homogeneous of degree one in s, convex
in s in the sense (7), and such that f(p,dv/dy) is measurable. Then the integral
(A) f(p,dv/du)dp is lower semicontinuous with respect to uniform convergence
in p.

9 Nonparametric curve integrals. Let each set A be a compact interval
[a,b] in E; with the relative Euclidean topology G. Let u be Lebesgue measure
on A. Consider absolutely continuous mappings X : A — E,,.. Put p(w) = (w, X(w));
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thus n = m +1, and our mappings p are essentially nonparametric curves in E,, ;.
Take o(w)=X'(w); then o is integrable and [«,f] [odu= X(B) — X(«) for
intervals [a, ] < [a, b].

Conditions (6), (8), and (9) are obviously satisfied. An elementary construction
shows that condition (12) is satisfied with C = G.

We consider a convergence on X sufficient for condition (10b’)iwith C =.G.

THEOREM 6. Ifa"—a, b"— b, and
sup {| X,(w) — X(w) |: we A" N4} >0,
then, for each GeG,

inf {|ﬂ(M) - u(G)| + I(M)fX:,d;z (6} fX'du ' : MezB", Mc Gl - 0«

Proof. By absolute continuity, for any ¢ > 0, there exists y(¢) > 0 such that
(E) f| X’ |dpu <& for pu(E) < y(e). Now G =G*N A for some set G* open in E;.
Take a compact set F* < G with u(G* — F*) < min {¢,y(¢) /2}. The open set
G* is the union of a countable number of open intervals. The compact set F*
is covered by a finite number of these intervals. Contract them to closed intervals
still covering F*, and decompose these into closed nonoverlapping intervals J,.
PutS*=UJJ,S=5"n4

Consider n such that |a —a| and |b"—b| <min {¢,7(¢)/4}, and

sup {| X, (w) — X(w)|: weld" N 4} <¢|N,

where N is the number of intervals J;. Let M =A4"NS. Then M =G and

G-Mc(G"—ST)u — 4", so jﬁ

|1(M) = W(G)| = WG — M) S W(G* — ™) + (A — A") < 3¢ and y(e).

Consequently
00 [xidu - © [ x'au] < o Je = xau| +2

< Z|X,w)—X(w)| +e

< 2N¢/N +e=3¢

since there are not more than 2N endpoints w; of the closed nonoverlapping
intervals making up M.

We can now deduce from Theorem 2 and §6 the standard semicontinuity
theorem:

Let f(w,p,s): E; XE,, X E, — E, be bounded below, convex in s in the sense’ (7),
and such that f(w,X(w),X'(w)) is measurable on A. Then the integra
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A [ son X, du
is lower semicontinuous with respect to the convergence
a"—>a, b"-b, sup{|X,(w)—X(w)|:wed"NA4}-0.

10. Parametric curve integrals involving higher derivatives. Cinquini [5], [6]
deals with variational problems for invariant curve integrals of functions involving
derivatives up to the third order. We shall relate our theorems to Cinquini’s
results for semicontinuity in these cases.

Second order problems. Corresponding to the second order problems of [5],
we have the following system. The sets A are the same compact interval in E,,
with G the Euclidean topology. Let X be any absolutely continuous mapping from
A to E; such that, when parametrized by its arc length I, X' = dX /d/ is also abso-
lutely continuous. Put p =(X, X’) and 0 = X’ A X" where A denotes the vector
product in E;; thus n = 6, m = 3. Each measure u corresponds to the arc length /.
The total length L= u(A) is finite by absolute continuity of X.

We consider Cinquini’s convergence of such X. A sequence X, converges to X

with L> 0 if
sup {|Li(w) — 1| + | X, (w) — X(W)| + | X7 (W) — X'(w)|} = 0.
Here I}, = dl, [dl with |, treated as a function of [, but X, = dX,/dI,; the supremum
is taken over we A. If L= 0, that is, X is constant, then we require
sup | X,(w) — X | + sup | X,(w,) — X}(w,)| >0
where the first supremum is over A4, the second over pairs of points in 4.
If we restrict considerations to a class on which (4) [|X”|dp is bounded,

then this convergence satisfies the condition (10b’) in Theorem 2 with C =G.
Indeed, essentially the same method as Cinquini’s in [5, p. 33] proves

THEOREM 7. If a sequence X, converges to X in Cinquini’s sense, and
(A) | X7 | du" is bounded, then, for each GeG,

inf{]u"(M)—;z(G)]+ i(M)fX;Ax;'d#"—(e)fx'/\X”du} :MeB",M;G} -0.

We can now deduce from Theorem 2 the semicontinuity theorem used by
Cinquini:

Let f(p.q,s): E; X E3 X E; —» E, be nonnegative, convex in s in the sense (7),
and such that f(X,X',X' A X") is u-measurable. Then the integral

(4) f FOGLXL X A X du

is lower semicontinuous with respect to Cinquini’s convergence in any class in
which (4) [| X"|dp is bounded.
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Third order problems. Take the sets A as the same compact interval in E,,
with G the Euclidean topology. Let X be any absolutely continuous mapping from
A to Ej such that, when parametrized by its arc length I, X' = dX /dl and X"
=d?X [dI* are also absolutely continucus. We put p=(X,X’,X’ A X") and
=X AX"; thus n=9 and m = 3. Each measure u corresponds to the arc
length 1.

Consider Cinquini’s convergence for such X: A sequence X, converges to X
with L >0 if

sup{|l,(w) — 1| + | X, (w) — X(w)|
+ | X2(w) = X'(W)| + | X7(w) — X"(w)|} - 0.
If L= 0, that is, X is constant, then we require that
sup | X,(w) — X | +sup {| X,(wy) — Xo(w2)| + |Xn(wi) = Xi(wy)|} - 0.

This convergence satisfies condition (10b") of Theorem 2 with C =G. Speci-
fically, essentially the same method as Cinquini’s [6, p. 54] proves

THEOREM 8. If a sequence X, converges to X in Cinquini’s sense for third
order problems, then, for each GeG,

inf{|u"(M)—ﬂ(G)] + !(M) f X! AX"du"—(G) f X’ /\X’”dp' :MeB", M< G} -0.

We can now deduce from Theorem 2 Cinquini’s semicontinuity theorem for
third order problems;

Let f(p,q,t,5): E3 X E3 X E3 X E;— E; be nonnegative, convex in s in the
sense (7), and such that f(X, X', X" A X", X’ A X") is u-measurable. Then the
integral (4) [f(X, X', X’ A X",X' A X")dp is lower semicontinuous with respect
to Cinquini’s convergence above.

11. Parametric surface integrals. Let the sets 4 be the same admissible set
in E, [2, p. 27]. The dimensions m and n are both 3. Consider any class of mappings
p: A— E;, continuous in the Euclidean topology U and of bounded variation;
that is, continuous surfaces of finite area. Each p determines a topology G on A4,
namely the class of U-open p-whole sets in 4 [2, §10.2]. Each measure u (Lebesgue
area on the surface) and a corresponding signed measure v are constructed by the
general process described in [4] from an interval function defined from p [3, p. 106].
Let ¢ =dv/du; then o is p-integrable and [odu =v. The triplets (p,o,u) are
now determined by the surfaces p.

Since each mapping p is of bounded variation, u(A) is finite. Each measure p is
G-regular by the general theory of [4]. Condition (9) is satisfied [12, p. 196].
Each p is G-continuous. Condition (12) for C = G follows from (H,) of [4].
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The function f(r,s) will be assumed positively homogeneous of degree one in s,
so we shall consider the weakening of condition (10b) discussed in §5. We shall
extract part of Theorem 1 of [12] to show that uniform convergence of p is suf-
ficient for that condition in Theorem 2 with C = G.

THeoreM 9. If sup{|p"(w) — p(w)|: we A} >0, then, for each GeG and
each (unit) vector be E,,

inf {|("(M) —v(G)) - b|: MeB", M = G} - 0.
Proof. Let P be a rotation taking b to the z-axis. Then
v(G) - b = Pv(G) - Pb = v4(G, Pp) = v(G,tPp)

where we have considered v explicitly as a function of p, v; is the z component,
and 7 is projection on the (x, y) plane. The second equality follows from a rotational
property of v [11, Theorem 3].

According to Lemma 3 of [12], simplified for our purpose, for any ¢ > 0 and
any plane mapping T, on G with bounded variation, there exists é > 0 such that,
for any other plane mapping T on G with sup{|T(w) - To(w)l: weG} <9,
there exists M < G such that | v(M, T) — (G, To)| < &. Now, if we take n such that
sup {| p"(w) — p(w)|: we A} <, then

| tPp"(w) — TPp(w)| < | Pp"(W) — Pp(w)| = | p"(W) — p(w)| < &
on A and so certainly on G. Hence
|0"(M) = %(G)) - b| =| v(M,7Pp") — W(G,7Pp)| < =.

We can now deduce immediately from Theorem 2 Turner’s theorem [12,
Theorem 1]:

Let f(r,s) be nonnegative, positively homogeneous of degree one in s, convex
in s in the sense (7), and such that f(p,dv/du) is measurable. Then the integral
(A) [f(p,dv/dp)dpu is lower semicontinuous with respect to uniform convergence
in p.

12. Nonparametric integrals. Let the sets A be the same open set in E, with
finite Lebesgue k-measure p. Take G as the Euclidean topology on A.

Consider mappings X : A — E, which are continuous and absolutely continuous
in the sense of Tonelli. Thus, for each coordinate w; of we A, 0X [dw; exists
u-almost everywhere in A, is u-integrable, and

B
f aX/awi dwi = Xwisﬂ _lega

for each segment {¢ < w; < B} in 4 on p*-almost every line parallel to the w; axis.
Here u* is Lebesgue (k — 1)-measure; if k = 1, then we take u* as enumeration.
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Put p(w) = (w, X(w)). Thus n =k + /. In the case k =1, our mappings p are
p essentially nonparametric curves on A4 in E, ;. In the case /=1, our mappings
are essentially nonparametric hypersurfaces on A4 in E; ;.

Put 0 = X’ = [0X [0Ow;]. This is a matrix of order k x I, but here we treat it asa
vector of dimension kl.

The Lebesgue measure u is G-regular. Indeed, the closed set F in the regularity
condition can be taken compact, since its compact intersections F, with the
spheres {w: |w| <n} have u(F,)— u(F); thus condition (9) is satisfied. We use
this compact regularity of p to show that condition (12) is satisfied with C = G.
For any Ge G and ¢ >0, we take compact F = G with u(G — F)<e. The open
set G is the union of a countable number of closed intervals, and also the union
of the corresponding open intervals. A finite number of these open intervals I
covers F. Take C = |J1I. Its closure C°=JI°<G and is compact. Of course, C
is open and u(G—C)=wW(G—-F)<e.

We now show that convergence of X uniformly on each compact subset of A4 is
sufficient for condition (10b’) of Theorem 2 with C =G.

TueoreM 10. If sup{|X,(w) — X(w)|: weK}—>0 for each compact subset
K of A, then, for each open set G< A,

inf Iy(]\/[)—u(G)|+I(M) fX;dy—(G)fX'dul:MeB, MQG} - 0.

Proof. By absolute continuity of the integral, for any &> 0, there exists
7(¢) > 0 such that (E) | X’|du <e for u(E) <y(e). Let F be a compact subset
of G with u(G — F) <min{e,y(¢)}. The open set G is the union of a countable
number of open intervals. A finite number of those intervals covers F. These can
be contracted to closed intervals still covering F, and then decomposed into closed
nonoverlapping intervals I. Then u(G — UI) <¢ and 7y(¢). Hence

i(G— UI)fX’du I < e
Consider n such that

sup{| X,(w) — X(w)|: weUI*} <&/ X p*(1®

where I* is the boundary of I. Now
@ [ = x| = E|@ [ox, = 3010w, au] £ [ 1, -Xaue,

$O I(U I [(X,— X")du| < . Consequently

UD =@ + [(UD [Xidu=(6) [xau | <3a
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We can now deduce from Theorem 2 and §6 the semicontinuity theorem:

Let f(w,p,s): A X E; X E,; — E; be bounded below, convex in s in the sense
(7), and such that f(w,X(w),X’'(w)) is measurable on A. Then the integral
(4) [f(w,X,X')dy is lower semicontinuous with respect to convergence of X
uniformly on compact subsets of A.

In [13], Kazimirov has obtained a semicontinuity theorem for integrals of the
form (in our notation)

) f Fo(w),o(w) dp

where A is a fixed set in E; and p is Lebesgue measure. The semicontinuity is
relative to strong convergence of p in L,(A4,u) and weak convergence of o in
L,(A, n). (See also Morrey’s work, for example in [7], where ¢ is a generalized
derivative of p.) We can obtain Kazimirov’s result from Theorem 1 by a standard
procedure.

THEOREM 11. Let A be a set in E, with finite Lebesgue measure pu. Consider
mappings p: A—E, and o:A—E, with components in LA,n), p=1. Let
f(r,s): E, X E,,— E be continuous, nonnegative, and convex in s in the sense (7).
Then the integral (A) ff(p,a)du is lower semicontinuous in the convergence

@ [ 1oa=pPau=0.(4) [ oxpdu—(a) [ opdu for cach peLian.

Proof. There exists a subsequence n(k) such that

A f F(Pucy Ooy)dit — lim inf (4) f FPwa) it and poy(w) = p(w)

almost everywhere in A. For any n <(4) [f(p,0)dp, there exists a set B< A4
such that n < (B) j' f(p,0)du and p,uy(w) = p(w) uniformly on B. By Theorem 1,

(B) f f(pr0)dp < lim inf (B) f FPutin Owy)

< Tim (4) f POt o)

lim inf (4) j f(p,)dp.
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